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Abstract
Spline functions have been suggested in demographic research for interpolating age-specific data as they have desirable smoothness optimality properties. However, difficulties arise when boundary conditions need to be satisfied. An
additional problem is that age-specific demographic data functions are necessarily non-negative, requiring the interpolating
spline to be monotonic non-decreasing. In this paper we describe a simple and effective alternative that circumvents these
problems. We show that natural cubic splines can be used to interpolate age-specific demographic data and ensure that
relevant boundary conditions on second derivatives are satisfied, thus preserving the desirable optimality property of the
interpolating function without the need to increase the degree of the spline function. The method involves incorporating one
or two additional strategically placed knots with values estimated from the data. We describe how the method works for
selected fertility, population, and mortality data.
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1. Introduction
“Spline functions (Greville, 1969) are useful for
smooth the interpolation of data”. A cubic spline with n knots
x1 < x2 < ... < xn is any function s(x) with continuous second
derivatives comprising piecewise cubic polynomials between
and beyond the knots. Denoting by x+ the function taking
the value x for x > 0 and 0 elsewhere, s(x) may be written as

of x outside the knots. This function has the property that for
all functions with specified values at the knots the natural
cubic spline minimizes the integral of its squared second
derivative over the interval (x1, xn). Since s(x) is linear for
x < x1 if d2 and d3 are both 0, this requires that the cubic and
quadratic terms in s(x) must also disappear for x < xn, so to
be a natural spline the n+4 coefficients in the cubic spline
must satisfy the following two sets of equations

n

s ( x)  d 0  d1 x  d 2 x 2  d 3 x 3   ci ( x  xi ) 3 (1)
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A natural cubic spline is a cubic spline satisfying the
additional requirement that the function is linear for values

c

i

 0,

(2)

i 1
n

d3 = 0,

x c

i i

 0.

(3)

i 1

* Corresponding author.
Email address: nittaya@bunga.pn.psu.ac.th

More generally, a natural spline of degree 2m+1
comprises piecewise polynomials of degree 2m+1 with continuous derivatives of order m+1 reducing to polynomials of
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degree m outside the knots, and has the property that for all
functions with specified values at the knots, it minimizes the
integral of the squared derivative of order m+1 over the interval (x1, xn). Equations 2 and 3 are then replaced by two sets
of m+1 equations.
As pointed out by McNeil et al. (1977), splines can
be used in demographic research for interpolating agespecific cumulative fertility, where data are usually available
at 5-year age intervals from 15 to 50 years. However, in
practice fertility increases slowly from 0 at age 15 and also
decays even more slowly to 0 at the other extreme, so it is
desirable to impose the additional conditions that both the
derivatives and the second derivatives of the spline are 0 at
the extremes. To satisfy these boundary conditions, McNeil
et al. (1977) suggested relaxing the requirement that the
spline function is natural. However, although it appears that
for a cubic spline the four equations in Equation 2 and 3
could be replaced by the four conditions on the first and
second derivatives at the boundaries, this cannot be done
because the resulting equations do not involve c n. So the
proposed solution not only fails to satisfy the smoothness
optimality condition but also must be of degree 5 or higher.
A further problem is that age-specific demographic
data, including fertility functions are necessarily non-negative, requiring the interpolating spline to be monotonic nondecreasing. In a recent paper investigating the use of spline
functions for another demographic application involving the
interpolation of Australian mortality data, Smith et al. (2004)
demonstrated this inadequacy of the spline function. He
applied the Hyman filter (Hyman, 1983), which imposes
alternative constraints on the derivatives of a cubic spline,
possibly sacrificing smoothness if the filter has changed first
derivatives.
In this paper we describe a simple and effective alternative that circumvents both of these problems. It uses
natural cubic splines to interpolate age-specific demographic
data and ensures that relevant boundary conditions on
second derivatives are satisfied, thus preserving the desirable optimality property of the interpolating function without
the need to increase the degree of the spline function. The
method involves incorporating one or two additional strategically placed knots with values estimated from the data.
In the next section we describe how the method works
for situations of interest to demographers. After that we
illustrate the method with three examples, (a) Italian fertility
(Festy, 1970) described by McNeil et al. (1977), (b) the cumulative distribution by age of males from the 2000 population
census of Thailand (National Statistical Office, 2000), and
(c) Australian female mortality in 1901 considered by Smith
et al. (2004).
2. Methods
The first situation involves fitting a natural cubic
spline to a cumulative age-specific fertility schedule, where
it is required that the function is 0 at x1 and has first and

second derivatives 0 at both x1 and xn. Note that if the first
derivative of the required function is 0 at x1 and xn the second
derivative must also be 0 at these points. This is because a
cubic spline has continuous second derivatives.
For simplicity we shift the x-axis so that the first knot
is located at x1 = 0, and we place two additional knots at a, b,
with coefficients g, h, respectively. Since the value of both
the function s(x) and its derivative at x = 0 is 0, the linear
terms in Equation 1 vanish and its functional form is thus
n

s ( x)   ci ( x  xi ) 3  g ( x  a ) 3  h( x  b) 3 . (4)
i 1

A total of n+4 coefficients need to be determined.
These comprise the n+2 coefficients in Equation 4 together
with the values of the function to be determined at a, b. The
linear equations determining these coefficients comprise (a)
the n+1 equations requiring that the function have specified
values at the n-1 knots apart from the first where its value is
necessarily 0, (b) the two equations needed to ensure that
the function is linear for x > xn, and (c) the requirement that
the derivative is 0 at xn.
The parameters a, b may be chosen to vary the result
to satisfy other requirements including smoothness and
monotonicity. These values were chosen by selecting a value
in between the first and second knots and a value between
the last and the second last knot. If these two knots are too
close to the two boundary knots, then the value of the function can become negative. In practice, the region will have to
be determined to ensure that the function will be monotone
non-decreasing and smooth. If the function is symmetric
then the two distances, the first knot to a and b to the last
knot, should be similar. If the function is skew to the right,
the distance from b to the last knot would be slightly more
than the distance from the first knot to a, and vice versa for
a left skew function.
The second situation involves fitting a natural cubic
spline to cumulative population data. In this case it is not
necessary to impose a condition that the derivative of the
function is 0 at x = 0, but the condition is desirable at the
other end. We place an additional knot at b with coefficient
h. The functional form is thus
n

s( x)  dx   ci ( x  xi ) 3  h( x  b) 3

(5)

i 1

A total of n+3 coefficients need to be determined. It
comprises the n+2 coefficients in Equation 5 together with
the value of the function to be determined at b. The linear
equations determining these coefficients have similar conditions as the first situation.
The third situation involves fitting a natural cubic
spline to mortality data. In this case there are no end-point
requirements, but one or more artificial knots may need to be
included to ensure that the function is monotonic. In this
situation, the monotonicity condition cannot easily be met
by satisfying equations involving values of the derivatives
similar to boundary conditions, so the values of the function
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at the artificial knots are estimated by trial and error. We give
an example in the next section.

40, 60, 65, and 100 years. The data are estimated from Figure
1 of Smith et al. (2004). Table 3 gives these estimates.

3. Application

Table 1. Cumulative age-specific fertility data.

The Italian cumulative age-specific fertility data (Festy,
1970) at five-year age periods are shown in Table 1.
There are n = 8 knots so the method described in Section 2 involves solving 12 linear equations. To fit a natural
cubic spline to these data we have chosen the knots at the
ages 15 and 50 years and every 5 years in between and an
additional two knots at ages 16 and 48. The values were
chosen by selecting the first knot in between age 15 and 20
year, the second knot in between age 45 and 50 year. To
ensure that the values of the function are not negative, for
this data the first knot should be between 15.62 and 20 years,
while the second should be between 45 and 48.16 years. For
simplicity, we chose to round the knots to the nearest whole
age. Thus, 16 and 48 were chosen as the values of the additional knots.
The fitted values of the cumulative fertility at the two
extra knots are 0.00029 and 2.30491, respectively. The derivative of the fitted cubic spline is shown in the left panel of
Figure 1.
The right panel of Figure 1 shows the results of fitting
a natural cubic spline to the age-specific cumulative Thai
male population in 2000 as shown in Table 2. Since the proportion living beyond age 100 years is very small we take
this value as the upper limit. In this example there are n = 18
knots. To fit the natural spline to these data we need only to
insert one extra knot before the maximum age bracket, at
about age 85 years, to make the first and second derivative
of the spline function 0 at xn = 100. Using Equation 5 there
are 21 unknowns together with 21 equations. Solving these
equations gives the value 30.8095 for the male population
below age 85 years.
For the last example, we fit a natural cubic spline to the
Australian 1901 female cumulative mortality at ages 1, 5, 20,

Age specific fertility rate: Italian women: 1955

Age (years)

Cumulative fertility rate

15
20
25
30
35
40
45
50

0.000
0.080
0.593
1.297
1.840
2.171
2.296
2.306

Table 2. Thai male population in 2000.
Age (years)

Male population in millions

0
5
10
15
20
25
30
35
40
45
50
55
60
65
70
75
100

0.000
2.081
4.570
7.092
9.536
12.230
15.018
17.849
20.623
23.122
25.195
26.809
27.968
28.924
29.721
30.287
30.936

Population (per million): Thai males: 2000
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Figure 1. Natural cubic spline interpolations of fertility and population densities.
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Table 3. Cumulative age-specific mortality data for
Australian women in 1901.
Age (years)

Female mortality per 1000

0
1
5
20
40
60
65
100

0.00
4.75
6.40
7.75
11.20
13.85
14.80
19.15

ever, there is no guarantee that the function will be smooth
and non-negative for other datasets. The value of the additional knots could be solved linearly using the property of
natural cubic splines where the smoothness function interpolates the data by minimizing the integral of its squared
second derivative. Further investigations will be needed on
these issues.
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Figure 2. Spline interpolations of cumulative mortality for Australian women in 1901.

